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SUMMARY 

The upward and downward radiation flux and cooling rate are calculated for the 15 p band of carbon dioxide. 
Results are obtained for three different carbon-dioxide concentrations from the surface of the earth to 75 km, 
and for six frequency intervals covering the band. The infra-red absorption measurements of Cloud (1952) 
are used for calculations, on a high-speed electronic computer, by a method which takes account of the pressure 
and Doppler broadening, the overlapping of the spectral lines, and the variation of the intensity and half- 
width of the spectral lines with temperature and pressure. The numerical integration is performed over 
intervals that are never larger than 1 km and average values over layers are not used. The cooling rate for 
the present atmospheric carbon-dioxide concentration is greater than l"C/day from 24 km to 70 km and is 
greater than 4"C/day from 38 km to 55 krn. The sum of the ozone and carbon-dioxide cooling rates is 
greater than 4"C/day from 33 km to 57 km and agrees reasonably well with the heating due to ozone absorption. 
The results for different carbon-dioxide concentrations indicate that the average temperature at the surface 
of the earth would rise by 3.6"C if the carbon-dioxide concentration were doubled and would fall by 3.8"C 
if the carbon-dioxide concentration were halved, on the assumption that nothing else changed to affect the 
radiation balance. 

1. INTRODUCTION 

The results of calculations of the infra-red radiation flux and the heating and cooling 
rates in the atmosphere for the spectral region from 1 2 p  to 1 8 p  are presented in this 
paper. The magnitude of the radiation flux in this regidn is determined largely by the 
properties of the 15 p carbon-dioxide band. For atmospheric layers very close to the 
surface of the earth a correction must be introduced for absorption by water vapour. 
The radiation flux has been computed for three different carbon-dioxide concentrations 
when there are clear skies, and when clouds are present at one or the other of two different 
heights. A11 calculations were made from the surface of the earth to a height of 75 km. 
The assumed variation of temperature and pressure with height agrees closely with the 
values given. by the Rocket Panel (1952). 

The calculations are based on the carbon-dioxide absorption measurements of Cloud 
(1952). The radiation flux was obtained from these laboratory measurements by the same 
method as was used by Plass (1956a) for the spectral region near the 9.6 p ozone band. 
Complete details of the method are given in that paper. However, for the carbon-dioxide 
calculations it was necessary to take into account the variation with temperature of the 
absorption in a given frequency interval; this was calculated from the partition function 
and the known dependence on temperature of the intensity and half-width of the spectral 
lines. The atmosphere is not divided into homogeneous layers for the purpose of this 
calculation, as this procedure may introduce large errors in the determination of the 
cooling rates. At each stage a careful estimate is made of the accuracy of the calculation. 

An excellent survey of previous work on the carbon-dioxide absorption problem is 
given by Elsasser and King (1953). The pioneer work of Ladenburg and Reiche (1911) 
has been extended in recent years by Callendar (1941), Elsasser (1942), Kaplan (1950), 
and Yamamoto (1952). Kaplan (1952) and Elsasser and King (1953) have made the most 
extensive previous calcuIations of the absorption of the carbon-dioxide band. 

This paper was completed while the author YM on leave of absence at Michigan State Univenity. At present with Systems 
Research Corporation, Van Nuyo, California. 
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2. METHOD FOR CALCULATION OF ATMOSPHERIC TRANSMISSION FROM LABORATORY DATA 

The extensive and detailed study of the 15 p carbon-dioxide band by Cloud (1952) 
was made on the large 100-foot absorption cell built by Professor John Strong at Johns 
Hopkins University. Path lengths up to 600@ could be obtained by means of a six- 
fold optical path. The measurements were made with a wide slit so that the individual 
spectral lines were not resolved and the mean transmission could easily be obtained for 
various intervals. All the measurements made by Cloud are shown in Fig. 1 for the 
entire spectral interval from 12 p to 18 p. The logarithm of the fractional absorption, 
A, is plotted against the logarithm of the product of the pressure, p, and path length w, 
used in the laboratory. All the measured points lie on a single universal absorption curve 
within the experimental accuracy of about two per cent. 

However, the entire interval from 12 p to 18 p must be divided into smaller intervals 
in order to calculate the radiation flux in the atmosphere. The black-body intensity is 
replaced by an average value over the interval in question in order to perform the integration 
over frequency. Since the black-body intensity varies with frequency very slowly compared 
with the extremely rapid variations of the absorption coefficient, it can be shown numerically 
that the substitution of an appropriate average value for the black-body intensity introduces 
no appreciable error for frequency intervals as large as one micron. For this reason the 
interval from 12 p to 18 p was divided into six intervals, each one micron wide, and all 
quantities were calculated for each of these intervals. The absorption measurements 
of Cloud (1952) for each of these intervals are shown in Figs. 2, 3 and 4. 

The atmospheric radiation flux and cooling rate were calculated from these measured 
absorption curves by the method described by Plass (1952a). Details of the procedure, 
a discussion of the influence of the assumed temperature distribution on the final results, 
and detailed calculations of the probable error of the h a 1  results are described by Plass 
(1956a) for the similar calculations for ozone. In particular, the foIIowing corrections 
were made to the transmission function : (1) for Doppler broadening above 50 km (Plass 
and Fivel 1953); (2) extrapolation of experimental results to very small path lengths (Plass 
I952a, 1954; Plass and Fivel 1955b); (3) multiplication of the path length by a numerical 
factor varying with the transmission, in order to obtain the diffuse radiation (Plass 1952b); 
(4) for the variation of line strength and half-width with temperature (the procedure for 
making this correction is given in the Appendix). 

It was assumed that the mixing ratio for carbon dioxide is a constant independent 
of height up to 75 km. This is a good approximation for the average carbon-dioxide 
amount, except possibly very near the ground. The fluctuations of the carbon-dioxide 
mixing ratio are small compared to those of water vapour and ozone and should have very 
little influence on the radiation flux. The pressure and density curves given by the Rocket 
Panel (1952) were used with the necessary corrections for the small differences between 
their temperature and our assumed temperature. 

The following temperature distribution was assumed for all the carbon-dioxide 
calculations : 

T z 2 8 8 - 6 z  
T = 210 

0 < z < 13km 
13 < z  < 2 2 k m  

T = 2 1 0 + 3 ( ~ - 2 2 )  22 < ~ < 4 3 h  
T = 273 
T = 273 - 3 (Z - 54) 

43 < z  ,<54km 
54 < z < 75 h, 

where z is the height in kilometres. These values agree closely with those given by the 
Rocket Panel (1952) and should represent an average temperature distribution in middle 
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latitudes. A more accurate result can be obtained from the same number of steps in the 
numerical calculation if the atmosphere can be divided into regions each of which has a 
linear variation of temperature with height, as here. 

The necessary integrations over the transmission functions (Eqs. 1-3, Plass 1956a) 
were performed numerically for values of the integrand at intervals of 1 km. When 
the integrand was a rapidly varying function, even smaller intervals were chosen. The 
atmosphere was not divided into homogeneous layers for the purpose of this calculation, 
as this procedure may introduce large errors in the cooling rate. For each of the six spectral 
intervals, and for each of the three different carbon-dioxide concentrations, it was necessary 
to calculate the transmission function for approximately 3,000 pairs of values of zo and z1 
between the surface of the earth and 75 km, where zo and zl are the heights of the lower 
and upper level respectively. The entire numerical calculation, including the corrections 
to the transmission function, was coded for the MIDAC high-speed digital computer at the 
University of Michigan. 

3. THE INFRA-RED RADIATION FLUX AND COOLING RATE 

The results of the calculation of the infra-red radiation flux and cooling rate by the 
above method are shown in Figs. 5-8. The upward and downward radiation flux is given 
for the entire spectral interval from 12 p-18 p and for three smaller intervals. In order to 
present as many of the results as possible in a reasonable space, the results for three pairs 
of intervals have been combined. Thus instead of showing the flux for the 12 p-13 p 
and 17 p-18 p intervals separately, as calculated, only the total for both intervals is given; 
the variation with height of the results for these two intervals is almost the same and no 
essential information is lost by combining the results in this manner. For the same reason 
the results for the 13 p-14 p and 16 p-17 p intervals were combined, as were those for 
the 14 p-15 p and 15 p-16 p intervals. 

Figs. 5 and 6 give the results for the present concentration of CO, (c = 5 x lo-’; 
0.033 per cent by volume) when the temperature correction in the Appendix is made 
(solid curve) and is not made (dashed curve). 

The change in the upward flux with height depends on the transmission of the spectral 
region in question. If the transmission were unity in a given spectral interval, the higher 
atmospheric layers at lower temperatures would be unable to change the upward flux 
and it would be constant with height. If the transmission were zero, the upward flux 
would be equal to the black-body intensity at every height and, for our assumed temperature 
distribution, would have a minimum from 13 km to 22 km and maxima at the ground 
and from 43 km to 54 km. 

The upward flux for various spectral intervals as shown in Fig. 5 is close to these limits. 
For the 12 p-13p; 17p-18p interval the transmission is near unity; the upward flux 
is nearly constant with a value above 13 km only 8 per cent lower than the value at the 
ground. For the 13p-14p; 16p-17p interval the transmission has an intermediate 
value at the lower altitudes; between 13 km and 22 km the upward flux falls to almost 
one-half of its value at the ground. It increases slightly above 22 km, but this rise is very 
small, since the transmission is so near unity for paths at the higher altitudes that higher 
temperatures there can have little effect. For the 14 p-16 p interval the transmission is 
nearly zero up to 15 km; here the upward flux is very close to the black-body curve. Above 
this height the upward flux increases as the atmospheric temperature increases to a value 
28 per cent above its minimum value. The upward flux for the entire range from 12 p-18 p 
exhibits the characteristics of a curve for a transmission function with a value intermediate 
between zero and unity. 
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Figure 5. The upward and downward radiation flux as a function of height for the combined frequency 
intervals from 12 p-13 p and 17 p-18 p ;  from 13 p-14 p and 16 p-17 p ;  from 14 p-16 p ;  and for the entire 
interval from 12 p-18 p. The temperature correction described in the Appendix was made in the calculations 
for the solid curves and was omitted for the dashed curves. The present CO, concentration (c = 5 x lo-': 
0.033 per cent by volume) was assumed for this calculation. The difference between the two curves for the 

upward flux for the 14 p-16 p interval cannot be shown on the scale of this graph. 
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Figure 6. The cooling rate in "C/day for the entire frequency interval from 12 p-18 p. 
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There would be no downward flux if the transmission function were unity in a given 
frequency interval, since the atmosphere could not radiate at these frequencies. If the 
transmission function were zero, the downward flux would equal the black-body intensity 
for the appropriate temperature at a given height. For the interval from 12 p-13 p ;  
17 p-18 p the downward flux is quite small and has an appreciable value only below 
10 km. For the interval from 13 p-14 p ;  16 p-17 p the downward flux has a considerably 
larger value. For the interval from 14 p-16 p, the downward flux is larger than for either 
of the previous intervals and approaches the black-body flux below 13 km. The upward 
and downward flux would have an identical value equal to the black-body intensity below 
13 km for the 14 p-16 p interval, if the transmission function were actually zero for all 
possible path lengths below 13 km. Actually for sufficiently small path lengths, even 
near the surface of the earth, the transmission function approaches unity; this is the 
reason for the small difference between the upward and downward flux in this case. 

The cooling rate for the entire CO, band from 12 p-18 p is shown in Fig. 6. From 
the ground up to 10 km the cooling rate is of the order of a few tenths of a degree Celsius 
per day. This rate rises rapidly from 22 km to 43 km and reaches a maximum of 5.8”C 
per day at 43 km. The cooling rate is above 4~0°C per day from 38 km to 55 km. The 
rate decreases rapidly at higher altitudes. The maxima and minima in this curve at 13 km, 
22 km, 43 km and 54 km arise from the discontinuities in the derivative of the assumed 
temperature curve at these altitudes (Plass 1956a). Such discontinuities seldom, if ever, 
actually exist in the atmosphere. Therefore the values in the neighbourhood of these 
maxima and minima should be smoothed out slightly when comparisons are made with 
the actual atmosphere. As discussed above, this temperature distribution was assumed, 
as it greatly increases the accuracy of numerical calculations carried to a given number of 
figures ; it approximates closely the actual temperature distribution. 

A comparison of the cooling rates of the ozone and carbon-dioxide bands is given 
Table 1. The ozone cooling rates are those calculated by Plass (1956a) for the ozone- 
concentration curve L and the temperature curve B as defined in that article. This tem- 
perature curve is very close to the one used for the present carbon-dioxide calculations, 
except that it does not have discontinuous derivatives at certain heights. A small correction 
has been made to the carbon-dioxide results between 40 km and 60 km to bring them more 
closely into agreement with the results that would have been obtained had the temperature 
curve B been used. The largest relative contribution from the ozone is at 45 km where it 
contributes 30 per cent to the total energy radiated from both ozone and carbon dioxide. 
The carbon dioxide is much more important than the ozone in cooling the atmosphere 
above 55km. 

TABLE 1. COOLING RATES IN TEE STRATOSPHERE 

Height Ozone Carbon Dioxide Total 
(W (“C/kY) ( W d a y )  (OC/kY) 

25 
30 
35 
40 
45 
50 
55 

60 
65 
70 

0.1 
0.5 
1.3 
1.8 
2.1 
1.5 
0.8 

0.3 
0.1 
0.0 

1.3 
2.4 
3.3 
4.5 
4.9 
4.6 
4.0 
2.3 
1.7 
1.3 

1.4 
2.9 
4.6 
6.3 
7.0 
6.1 
4.8 
2.6 
1.8 
1.3 
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The absorption of solar energy by ozone at these altitudes has recently been calculated 
by Johnson (1953) and Pressman (1955). Since the heating rates vary greatly with latitude 
and season (Pressman 1955), it is difficult to make quantitative comparisons. However, 
it is clear that the heating and cooling rates agree qualitatively and have their maxima 
at the same altitude (45 km) with approximately the same value of 7.O0C/day. The 
cooling due to H,O is not included in Table 1. Differences between the heating and cooling 
rates could be ascribed to the possible additional cooling effect of H,O and to uncertainties 
in the calculations themselves. 

The correction for the variation of the line intensities and half-widths with tem- 
perature, discussed in the Appendix, greatly complicates the calculation and introduces 
an additional factor of uncertainty in the final results. In order to study the effect of 
this correction, the calculations were made with and without the temperature correction, 
for each of the three CO, concentrations. The results are shown in Figs. 5 and 6 for the 
present CO, concentration (c = 5 x lo+). The principal temperature correction is 
due to the increase in line intensity of the stronger lines of the band with increasing tem- 
perature over the temperature range that occurs in the atmosphere. Since the laboratory 
measurements of the transmission function are made at room temperature, the temperature- 
corrected transmission function is greater than the uncorrected value for the colder regions 
of the atmosphere. Thus the results are changed most when the temperature correction 
is made at altitudes from 10 to 30 km where the atmospheric temperature is relatively low. 

The value of the upward flux at high altitudes is 5 per cent higher for the interval 
from 12 p-13 p ;  17 p-18 p, and 14 per cent higher for the interval from 13 p-14 p ;  16 p-17 p, 
when the temperature correction is made than when it is not made. The upward flux 
has a larger value since the transmission function is closer to unity after the temperature 
correction. Thus the upward flux cannot follow so well the dip in the black-body curve 
in the lower stratosphere, The change for the 14 p-16 p interval cannot be shown on 
the scale of Fig. 5, since the transmission function is virtually zero in the lower part of 
the atmosphere in both cases. 

For the downward flux the difference between the calculated values with and without 
the temperature correction is largest in each case near the base of the stratosphere. In 
the intervals from 12p-13p; 17p-18p1 and from 13p-14p; 16pL-17p, most of the 
downward radiation reaching, for example, 8 km, originates in the colder region of the 
atmosphere from 10 km to 30 km. It is not surprising therefore that the increased values 
for the transmission after the temperature correction is made give values for the downward 
flux that are as little as half those obtained without the correction. This is the only region 
of the atmosphere where the temperature correction must be made in order to obtain 
even approximately correct values of the flux. At the surface of the earth so much of 
the downward radiation comes from the lower, wanner layers of the atmosphere that the 
difference between the two curves is less than 10 per cent for the interval from 12 p-13 p ;  
17 p-18 p, and is very small for the other intervals. 

The cooling curve with and without the temperature correction is given in Fig. 6. 
Above 14 km the cooling rates are slightly smaller when the temperature correction is 
made. However, the shapes of the two curves are remarkably similar and the percentage 
deviation of the two curves is not large except below 14 km where in any case the cooling 
rate due to CO, is not of great importance. Thus it would appear that reasonably accurate 
calculations of the cooling rate above 14 km can be made if desired without introducing 
the complexities of the temperature correction. 

The infra-red flux and cooling rates are shown in Figs. 7 and 8 for three different 
C02 concentrations, 0.025, 0.05 and 0.10 per cent by weight or 0.0165, 0.033 and 0.066 
per cent by volume. The lowest and highest values correspond to halving or doubling 
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Figure 7. The upward and downward radiation flux as a function of height for the combined frequency 
intervals from 12 p-13 p and 17 p-18 p ;  from 13 p-14 p and 16 p-17 p ;  from 14 p-16 p ;  and for the entire 
interval from 12 p-18 p. Curves are given for the following CO, concentrations: c = 5 x lo-' (0,033 per 
cent by volume); c = 10 x lo-' (0.066 per cent by volume); c = 2.5 X lo-' (0.0165 per cent by volume). 
The temperature correction described in the Appendix was made in the calculation of all these curves. 

' O W  0 -8 -6 -4 -2 Y/ M Y  

Figure 8. The cooling rate in "C/day for the entire frequency interval from 12 p-18 p. Curves are given 
for the following CO, concentrations : c = 5 x lo-' (0.033 per cent by volume); c = 10 x lo-' (0.066 per 
cent by volume); c = 2-5 x lo-' (0,0165 per cent by volume). The temperature correction described in 
the Appendix was made in the calculation of all these curves. There is no difference in the cooling rates 

below 24 km within the accuracy of the calculation and only one curve is shown in this region. 
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the present atmospheric CO, amount. The temperature correction has been made to 
all the results given in these figures, since the complete procedure had been coded for 
the MIDAC electronic computer. 

For the intervals from 12 p-13 p ;  17 p-18 p, and from 13 p-14 p;  16 p-17 p, the 
upward flux is smaller the larger the CO, concentration, since the smaller transmission 
function allows the flux to approach closer to the black-body flux at the temperature 
minimum from 13 km to 22 km. The same is true for the interval from 14 p-16 p below 
32 km. Above this height the upward flux is slightly greater for larger CO, concentra- 
tions, since the transmission function is still sufficiently small in this region for the upward 
radiation to increase slightly owing to the higher temperature in the upper part of the 
stratosphere. Similar remarks apply to the downward flux. In this case the larger CO, 
concentrations give the larger values for the downward flux. 

The cooling rates are given in Fig. 8 for these three different CO, concentrations. 
There was no definite difference within the accuracy of the calculation, in the cooling rates 
below 24 km, and only one curve is shown in this region. At higher altitudes the cooling 
rate increases appreciably if the CO, concentration changes. At the maximum of the 
cooling curve at 43 km, the cooling rate increases from 54"C/day to 8*5"C/day if the 
CO, concentration is doubled. 

Numerous checks were made during the progress of these calculations in order to 
determine the accuracy of the final results. The procedure was similar to the one used 
by Plass (1956a) for ozone. The upward and downward flux is determined with a per- 
centage error smaller than that of the original laboratory absorption measurements. 
Cloud's estimate of a 2 per cent error in the laboratory measurements of the transmission 
function may be somewhat optimistic. A conservative estimate of the error in the upward 
and downward flux, taking into account the various corrections made in the course of the 
calculations, is 3 per cent. However, the relative changes of the curves for different 
concentrations are determined with considerably greater accuracy than this. The probable 
error of the cooling rate is estimated by introducing arbitrary variations into the original 
transmission functions and calculating their influence on the final result. The probable 
error obtained in this manner is about 10 per cent below 20 km, increasing to 30 per cent 
at 50km and becoming rather uncertain above 60km. Again the relative differences 
between the various curves should be considerably more accurate than their magnitude. 

4. TEMPERATURE VARIATIONS AT THE SURFACE OF THE EARTH 

The change in the equilibrium temperature at the surface of the earth with CO, 
concentration can be estimated from the corresponding variations of the radiation flux, 
if it is assumed that nothing else changes to alter the radiation balance when the CO, 
amount varies. In order to obtain the temperature change it is also assumed that an addi- 
tional mount  of radiant energy equal to 0-0033 Cal cm-, min-' would be radiated to space, 
if the average temperature of the earth's surface were to increase by 1°C. This number 
cannot be calculated accurately until a detailed study has been made of the H,O spectrum, 
but it represents the best value that can be given with our present knowledge of this 
spectrum. When a more accurate value for this number is obtained in the future, all 
the temperature changes given here should be multiplied by the ratio of the old to the 
new value. 

When the CO, amount is doubled and halved the change in the downward flux 
at the surface of the earth is 0.0119 and 0.0125 Cal cm-, sec-' respectively. Thus, in 
order to restore equilibrium the surface temperature must rise by 3.6"c if the CO, 
concentration is doubled and the surface temperature must fall by 34°C if the CO, 
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concentration is halved. It is interesting to note that the four intervals from 12 p-13 p, 
13 p-14 p, 16 p-17 p and 17 p-18 p contribute about equally to this temperature change. 
The interval from 14p-16p does not contribute since it is opaque near the ground at 
all these concentrations. The argument has sometimes been advanced that the CO, 
cannot cause a temperature change at the surface of the earth because the CO, band is 
always black at any reasonable concentration. This argument is true for the lines near 
the centre of the band from 14 p-16 p, but neglects completely the important contribution 
of the lines farther from the band centre. 

This same method shows that the average temperature is lowered 2.2"C and 1.3"C 
at the upper surface of a cloud at 4km and 9 k m  respectively, if the amount of CO, 
in the atmosphere is halved. This temperature change at the upper surface of a cloud 
could be the cause of the increased precipitation at the beginning of a glacial period 
(Plass 1956b). 

If the CO, concentration is doubled, Arrhenius (1896) calculated a temperature 
increase of 6"c, Hulbert (1931) of 4"C, and Callendar (1938) of 2°C. The value of 3-6"C 
obtained from the present study is based on more accurate experimental data than were 
available previously and it was possible to perform the elaborate calculations only 
because an electronic computer was available. Such factors as the weak lines that are 
relatively far from the band centre and the change in intensity and half-width of the 
spectral lines with temperature and pressure were taken into account in the present 
calculations. 

The radiation calculations predict a definite temperature change for every variation 
in CO, amount in the atmosphere. These temperature changes are sufficiently large to 
have an appreciable influence on the climate. Plass (1956b) has considered the various 
factors that control the CO, content of the atmosphere and Oceans and has discussed the 
current status of the carbon dioxide theory of climatic change. 
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APPENDIX 

VARIATION OF TRANSMISSION FUNCTION WITH TEMPERATURE 

Laboratory measurements of the absorption of atmospheric gases should ideally be 
made over the range of temperatures that occur in the atmosphere. This would eliminate 
the need to make a theoretical estimate of the variation of the transmission function with 
temperature. However, to our knowledge no suitable measurements have yet been made 
at temperatures below room temperature. 

First let us assume that the temperature decreases linearly with height between 
z, and zl. Without any loss of generality z, may be set equal to zero. Then the tempera- 
ture dependence is given by 

and the pressure dependence by 
T = T 0 - C l 2  * (1) 

P = Po (VToWa * (2) 
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The temperature dependence of the line intensity, S, and, to a smaller extent, the 
temperature variation of the half-width of the spectral line, a, cause the transmission 
function to vary with temperature. The theoretical variation with temperature of both 
these factors is known. From the Maxwell-Boltzmann distribution law and the rotational 
partition function, it follows that the temperature dependence of S is given by the expression 

where To is a standard temperature, S (T) and S (To) are the line intensities at the tempera- 
tures T and To respectively, E, is the energy of the initial state of the transition, and k 
is the Boltzmann constant. Other terms in the general expression for S which change 
very slowly with T are omitted from Eq. (3, since numerical integration shows that their 
effect is very small for the range of temperatures in the atmosphere. 

From kinetic theory it follows that 

where a. is the half-width at a standard pressure and temperature, po and To. Although 
the dependence of a on pressure has been verified, a square-root temperature dependence 
should not be expected for all lines. However, the variation of a with temperature intro- 
duces only a very small correction. 

For a single spectral line, the result of the usual method for the calculation of the 
absorption in the atmosphere integrated over frequency, A, (Plass 1954, Plass and Five1 
1955a) is that 

A (u", ul) = ( 4 sec 8 J"'s a du) ' 
for the strong-line approximation and that 

for the weak-line approximation, where 

m 

u = 1 c p d z ,  
z 

0 is the angle the radiation makes with the vertical, c is the ratio of the density of the 
radiating gas to the total density, p, and T is the transmission function. Eqs. ( 5 )  and (6) 
are valid regardless of the functional dependence of S on height. The results for over- 
lapping spectral lines are discussed later in this section. 

In order to obtain the integrated absorption, A, for the strong-line approximation, 
substitute Eqs. (l), (Z), (3) and (4) into Eq. (5).  D e h e  an effective temperature, Te, 
between zo and z1 so that the integrated absorption, A (zo, zl), for a radiating gas in a 
hypothetical atmosphere with the same temperature, Te, at all heights, is the same as for 
the actual radiating gas with variable temperature. The effective temperature, T,, is a 
function of both zo and zl. It can be calculated by setting the expression for A, obtained 
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from Eq. (5) when the entire atmospheric layer is at the temperature T,, equal to the 
expression for A, derived above, which is valid when the temperature decreases linearly 
with height. 

In this manner it is found that T, can be determined from the other known constants 
of the problem, from the equation 

where 

The value of the effective temperature, T,, can be obtained as a function of z0 and 21 
from the numerical solution of Eq. (7). Some typical results are shown in Fig. 9, where 
Te is plotted against the temperature at the boundary of the layer. The upper set of three 
curves gives T, for a layer between zor where the temperature is 293"K, and zl, where the 
temperature has the value given by the abscissa, The lower set of three curves gives Te 
for a layer extending from zo, where the temperature has the value given by the abscissa, to 
zl, where the temperature is 218°K. Each set of curves is drawn for three different values 
of the ratio m = EJ/kT293. Since the value of m does not change by more than a factor 
of three when averaged over a frequency interval of 0.1 p or more in the range from 12 p- 
18 p, Fig. 9 shows that the value of T,  is insensitive to the assumed value of m. 

B1 = 1 - (azl/To). 

I 1 1 I I I am We an am0 so0 
TEMPERATURE OF BOUNMRI LAYER 

Figure 9. The upper set of three curves gives the value of the effective temperature, T,, for an atmospheric 
layer extending from a fixed height where the temperature is 293°K to a height where the temperature has 
the value given by the abscissa. The lower set of three curves gives the value of T, for an atmospheric layer 
extending from a height where the temperature has the value given by the abscissa to a fixed height where the 
temperature is 218°K. Each set of curves is drawn for three different values of the ratio rn = Ej/kT,,,, 

where EJ is the energy of the initial state of the transition. 
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When the equation for the weak-line approximation, Eq. (6), is used instead of 
Eq. (3, a similar derivation to the one given above shows that 

The results for T, are very similar to those obtained from Eq, (7). 
Eqs. (7) and (8) have been derived for a single spectral line. However, the identical 

equations are also valid for the Elsasser model of a band in the limits of the strong- and 
weak-line approximations. This result can be derived from the equations for the Elsasser 
model given by Plass and Fivel (1955b). Since T, does not depend on the degree of over- 
lapping of the spectral lines for the Elsasser model in the limits of the strong- and weak- 
line approximations, it appears that T,  cannot vary appreciably with the degree of over- 
lapping of the spectral lines for any model of a band. 

Equations similar to Eqs. (7) and (8) were derived for the cases when the tempera- 
ture increases linearly with height or when there are several regions with a constant 
temperature in one region and a linear increase or decrease in another. In practice, for 
the temperature distribution assumed for this calculation, it is never necessary to use 
more than two regions with different lapse rates for the calculation of T,. If more than 
two regions exist with different lapse rates between zo and zl, the regions above the first 
two make a negligible contribution. 

The values of the ratio E,/kT, where T is the temperature at which the laboratory 
absorption measurements were made, were calculated from a tabulation of the carbon 
dioxide lines kindly made available to us by Dr. L. D. Kaplan in advance of publication. 
The region from 12 p to 18 p was divided into intervals 0.1 p wide. In each of these 
60 intervals the average energy of the lines was computed. It was weighted either with 
the square-root of the line intensity or the first power of the intensity depending on whether 
the absorption for the entire interval followed the strong-line or the weak-line approxima- 
tion respectively for the path length between zo and zl. The average energy for the six 
intervals of one micron width from 12 p to 18 p was then calculated from the averages 
for the 0.1 p intervals. The deviations of the values for the 0.1 p intervals from the average 
for the 1 p intervals were relatively small. For example, for the interval from 12 p to 13 p 
the average deviation of the results for the smaller intervals was only 10 per cent of the 
average value for the entire interval. 

The calculated value of E,/kT was between 3 and 8 for each of the six intervals of 
1 p width. Fig. 9 shows that T, is insensitive to the value of E,/kT. Thus it is possible 
to obtain the value of T,  for any combination of values of zo and z1 with an estimated 
probable error of no more than a few degrees Kelvin. 

Curves similar to those in Fig. 9 were plotted at intervals of 1 km from the surface 
of the earth to 75 km. They were calculated from Eqs. (7) and (8) or, when the tempera- 
ture did not decrease linearly with height, from equivalent equations. The effective 
temperature, T,, was determined in this manner for each pair of values of zo and zl. 
The temperature correction to the integrated absorption was then calculated from Eqs. 
( 3 ,  (4) and the known equations for the dependence of the absorption on these variables 
(Plass 1952a, 1954 ; Plass and Fivel 1955b). Fortunately it was possible to code a programme 
of calculations for the MIDAC high-speed digital computer to calculate this correction 
entirely automatically for each pair of zo and zl. 

4 1  the carbon-dioxide calculations were made both with and without this temperature 
correction. The correction was largest for the intervals, from 12 p-13 p and 17 p-18 p, 
that are far from the centre of the band, and was smallest for the region from 14 p-16 p 
at the centre of the band. 
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